A pro-C *
Introduction
By the celebrated Gelfand-duality, commutative unital C * -algebras are equivalent to compact Hausdorff spaces. Since the latter are known to be monadic over Set, one obtains that the category of commutative unital C * -algebras is monadic over Set. In a C * -algebra, the norm of an element is completely determined by the algebraic structure, and so intuitively, being a C * -algebra is an entirely algebraic property even in the non-commutative case. Indeed, in 1984, van Osdol proved that the category of unital C * -algebras is monadic over Set (cf. [32] ). Because of the Gelfand-duality, non-commutative C * -algebras are often seen as non-commutative topological spaces, which led to the development of the area of non-commutative geometry.
A Hausdorff colimit of compact Hausdorff spaces is a k-spaces (and visa versa, every Hausdorff k-space is a colimit of compact Hausdorff spaces), and such spaces were thoroughly investigated by Brown [9, 3.3] , Steenrod [31] , and Dubuc and Porta [12] . A pro-C * -algebra is a (projective) limit of C * -algebras in the category of topological * -algebras. Such algebras were studied under various names (LMC * -algebras, locally C * -algebras, and σ-C * -algebra in the metrizable case) by Schmüdgen [29] , Inoue [16] , Arveson [4] , Phillips [25] , and El Harti [14] . From the perspective of non-commutative geometry, pro-C * -algebras can be seen as non-commutative k-spaces.
An element a of a pro-C * -algebra A is bounded if there is a constant M such that ϕ(a) ≤ M for every continuous * -homomorphism ϕ : A → B into a C * -algebra B. The smallest constant M with this property is denoted by a ∞ , and the * -subalgebra A b of the bounded elements in A form a C * -algebra with respect to · ∞ (see section 4). Since the Stone-Čech-compactification of a Tychonoff space X can be obtained as the space of multiplicative functionals of the C * -algebra C b (X) with respect to the norm of uniform convergence, it is natural to think of the functor A → A b as the non-commutative dual of the Stone-Čech-compactification functor X → βX.
In this paper, we investigate pro-C * -algebras from a categorical point of view. After a brief presentation of terminology and basic results on pro-C * -algebras in section 2, we proceed by presenting a generalization of the Gelfand-duality for commutative unital pro-C * -algebras in section 3. We also compare this generalized Gelfand-duality with results of Dubuc and Porta [12] . In section 4, we study the functor (−) b that assigns to a pro-C * -algebra A the C * -algebra A b of its bounded elements. We show that this functor is a coreflector (Theorem 4.2), and it preserves exactness of sequences (Theorem 4.11). Finally, in section 5, we make a few observations concerning the connected component of the identity of the group of unitary elements in a pro-C * -algebra.
Preliminaries
In this section, we introduce some terminology, and present well-known elementary results on pro-C * -algebras.
Topological * -algebras.
A * -algebra (or involutive algebra) is an algebra A over C with an involution
Note that the C * -condition alone implies that p is submultiplicative, and in particular p(a * ) = p(a) for every a ∈ A (cf. [30] , [24, 9.5.14] ). A topological * -algebra is a * -algebra A equipped with a topology making the operations (addition, multiplication, additive inverse, involution) jointly continuous. The category of topological * -algebras and their continuous * -homomorphisms is denoted by T * A. For A ∈ T * A, one puts N (A) for the set of continuous C * -seminorms on A; N (A) is a directed set with respect to the pointwise ordering, because max{p, q} ∈ N (A) for every p, q ∈ N (A).
C
* -algebras. A C * -algebra is a complete Hausdorff topological algebra whose topology is given by a single C * -norm. The full subcategory of T * A formed by the C * -algebras is denoted by C * A. For A ∈ T * A and p ∈ N (A), ker p = {a ∈ A | p(a) = 0} is a * -ideal in A, and p induces a C * -norm on the quotient A/ ker p, so the completion A p of this quotient with respect to p is a C * -algebra. Each pair p, q ∈ N such that q ≥ p induces a natural (continuous) surjective * -homomorphism π pq : A q → A p , which turns A (−) : N (A) −→ C * A into a functor.
Pro-C * -algebras.
A pro-C * -algebra is a complete Hausdorff topological * -algebra A whose topology is defined by a family of C * -seminorms, or equivalently, A is complete in T A (i.e., every Cauchy filter or net converges) and A carries the topology T A . For A ∈ T * A, the following statements are equivalent (cf. [26, 1. [25, 1.12] ). Pro-C * -algebras form a full reflective subcategory of T * A that we denote by P * A (cf. [20, 5.1] ). In light of (i), we often refer to an element a of a pro-C * -algebra A as (a p ) p∈N (A) , where a p ∈ A p and π pq (a q ) = a p for every p, q ∈ N (A).
Examples.
(A) uniform convergence on compact countable subsets is a pro-C * -algebra (for details, see section 3). (C) The tangent algebra of a C * introduced by Arveson (defined as the universal factorizer of derivations into C * -algebras) fails to be C * -algebra, but it is a metrizable pro-C * -algebra (for details, see [4, 5.9] and [26, 2.1]).
Spectrum and unitization.
We denote by G A the set of invertible elements in an algebra A. The spectrum of an element a in a unital algebra A over C is defined as
If A ∈ P * A, then a = (a p ) ∈ A is invertible if and only if each a p is invertible in A p . Therefore, as the spectrum of a. This definition is consistent (up to {0}), because if A already had a unit, then sp A + (a) = sp A (a) ∪ {0}. Thus, if I is a closed (two-sided) * -ideal of a unital pro-C * -algebra A and c ∈ I, then sp I + (c) = sp A + (c) = sp A (c), because c cannot be invertible in A.
Functional calculus.
Let A be a unital pro-C * -algebra and let a = (a p ) ∈ A. Suppose that f is a continuous complex-valued map on sp A (a) and either a is normal (i.e., a * a = aa * ) or f is analytic on a neighborhood of sp A (a). It follows from (2) that f is continuous on each sp Ap (a p ), and either each a p is normal or f is analytic on a neighborhood of each sp Ap (a p ). In both cases,
In case A is not unital, the only additional assumption that we need is f (0) = 0 in order to ensure that f (a) (calculated in A + ) belongs to A.
Automatic continuity fails in
It is a well-known fact that every * -homomorphism of an involutive Banach algebra into a C * -algebra is continuous (furthermore, its norm is ≤ 1; cf. [11, 1.3.7] ). In particular, every * -homomorphism between C * -algebras is continuous. Results of this nature are referred to as "automatic continuity" of homomorphisms, because the continuity is deduced from a purely algebraic assumption (cf. [23, Chapter 6] ). Unfortunately, this result fails in general for pro-C * -algebras: Both C(ω 1 ) and C(ω 1 + 1) are pro-C * -algebras in the topology of uniform convergence on compacta, but the * -homomorphism C(ω 1 ) → C(ω 1 + 1) given by setting f (ω 1 ) = lim 
Automatic continuity for σ-C
* -algebras. A σ-C * -algebra is a pro-C * -algebra whose topology is metrizable, or equivalently, it is a (projective) limit of a sequence of C * -algebras in T * A. Every * -homomorphism of a σ-C * -algebra into a pro-C * -algebra is continuous (cf. [25, 5.2] , [26, 1.1.6]).
Commutative pro-C * -algebras
By the celebrated Gelfand duality, every commutative unital C * -algebra is * -isomorphic (and thus isometrically isomorphic) to the algebra of continuous maps on the set of its multiplicative functionals (i.e., characters). In this section, we present some generalizations of this result to pro-C * -algebras. Our aim is to adhere to a categorical point of view, and thus it slightly differs from the approach of Inoue [16] and Phillips [26, 1.4 ] & [25, 2] , who obtained essentially the same results.
Leading example.
For a Hausdorff space X, one writes K(X) for the collection of compact subsets of X. For F ⊆ K(X) such that F = X, we say that a map f :
is continuous for every F ∈ F . We put C F (X) for the * -algebra of complex-valued Fcontinuous maps f on X, and provide it with the topology of uniform convergence on F given by the family of C * -seminorms {p F } F ∈F , where
It is a well-known result on uniform spaces that C F (X) is complete (cf. [17, 7.10(d)]), and thus C F (X) is a pro-C * -algebra. We say that F is a strongly functionally generating family for X if every map in C F (X) is continuous (cf. [3, p. 111] ). The Gelfand-duality states that every commutative unital C * -algebra is isomorphic in C * A to the algebra C(K) of continuous maps with the topology of uniform convergence on some compact Hausdorff space K. We show that every commutative unital pro-C * -algebra is isomorphic to C F (X) in T * A for some space X, where X is strongly functionally generated by F . [15, 3.3.21] ). The category kHaus of Hausdorff k-spaces and continuous maps is cartesian closed, and it is a coreflective subcategory of the category Haus of Hausdorff spaces (cf. [9, 3.3] , [21, VII.8] ). (The coreflector k : Haus −→ kHaus is often referred to as k-ification. Some authors use the term "compactly generated spaces" for k-spaces.) A Hausdorff space X is a k R -space if it is strongly functionally generated by K(X) (i.e., every real-valued k-continuous map f : X → R on X is continuous). Lukács showed that the category k R Tych of Tychonoff k R -spaces and continuous maps is cartesian closed, it is a coreflective subcategory of Tych (Tychonoff spaces), and k R Tych is equivalent to a full epireflective subcategory of kHaus (cf. [19, Theorems 3.2, 2.1, 3.1]). The motivation for introducing this category is the incompatibility of the k-space property and the Tychonoff property (cf. [19, Example] ). Their necessity for pro-C * -algebras roots in the observation that if X admits a strongly functionally generating family of compact subsets, then it must be a k R -space.
The categories kHaus and k
R Tych. A Hausdorff space X is a k-space if every K(X)- continuous (i.e., k-continuous) map f : X → Y into a Hausdorff space Y is continuous, or equiv- alently, if U ⊆ X is open provided that U ∩ K is open in K for every compact subset K of X (cf.
The character space ∆(A).
For a topological vector space X, one puts X ′ for the dual space of X consisting of the continuous linear functionals on X. The w * -topology on X ′ is the topology of pointwise convergence on the points of X-in other words, X ′ is provided with the initial topology with respect to all evaluations maps {ev x : X ′ → C} x∈X . Since (X ′ , w * ) is a Hausdorff topological vector space, it is Tychonoff. For A ∈ T * A, one puts ∆(A) for the subspace of (A ′ , w * ) consisting of the non-zero * -homomorphisms. Using this notation, Gelfand-duality states that for every C * -algebra A, the map ev A : A → C(∆(A)) defined by a → ev a is an isomorphism of C * -algebras.
Theorem.
Let A be a commutative unital pro-C * -algebra. Then:
} is a strongly functionally generating family; (c) the natural map ev A : A → C Φ(A) (∆(A)) defined by a → ev a is an isomorphism of pro- * -algebras.
Proof. (a) By 3.3, ∆(A) is a subspace of the Tychonoff space A ′ , and so it is Tychonoff. Since A is commutative and unital, so are its quotients A p . Thus, A p ∼ = C(∆(A p )) by Gelfand-duality, and the ∆(A p ) are compact. Each project A → A p gives rise to a continuous injective map ∆(A p ) → ∆(A), which is an embedding, because ∆(A p ) is compact. On the other hand, if χ ∈ ∆(A), then p χ (a) = |χ(a)| is a continuous C * -seminorm on A, and therefore χ ∈ ∆(A pχ ).
is continuous for every p ∈ N (A). Then, by Gelfand-duality, for each p ∈ N (A) there is a p ∈ A p such that
, one has π pq (a q ) = a p for every q ≥ p.
Thus, a = (a p ) ∈ A and f = ev a . In particular, f is continuous, and therefore Φ(A) is a strongly functionally generating family. Hence, ∆(A) is a k R -space.
(c) It is clear that ev A is a * -homomorphism. Since
for every p ∈ N (A), it follows that ev A is continuous and open onto its image. If ev A (a) = 0 for a ∈ A, then ρ(a) = 0 for every ρ ∈ ∆(A), and so p(a) = 0 for every p ∈ N (A). Thus, a = 0 (because A is Hausdorff). If f ∈ C Φ(A) (∆(A)), then by the argument developed in (b), f = ev a for some a ∈ A. Therefore, ev A is surjective. Hence, ev A is an isomorphism of pro-C * -algebras.
Lemma. Let X be a Tychonoff k R -space, and let F be a strongly functionally generating family of compact subsets of X. Then the natural map ev
Proof. Since X is a Tychonoff space k R -space, it embeds into C F (X) ′ by evaluation (cf. [19, Lemma 2.1]), and its image is contained in ∆(C F (X)), so ev X is an embedding. In order to show that ev X is surjective, let ρ ∈ ∆(C F (X)). Since ρ is a continuous functional with respect to the topology determined by the seminorms {p F } F ∈F , there are F 1 , . . . , F l ∈ F and a constant r such that |ρ(f )| ≤ r max{p F 1 (f ), . . . , p F l (f )} for every f ∈ C F (X). Thus, for
Therefore, by Gelfand-duality, there is x 0 ∈ F 0 such thatρ(g) = g(x 0 ) for every g ∈ C(F 0 ), and hence ρ = ev X (x 0 ), as desired.
Notations.
The category SFG is defined as follows: Objects are pairs (X, F ) where X is a Tychonoff k R -space and F is a strongly functionally generating family of compact subsets of X. A morphism g : (X, F ) → (Y, G) in SFG is a continuous map with the property that for every F ∈ F , there is a finite subfamily
We denote by C 1 P * A the full subcategory of P * A formed by the commutative unital pro-C * -algebras.
Theorem. The pair of functors
form an equivalence of categories.
Proof. By Theorem 3.4(c), A ∼ = C Φ(A) (∆(A))
for every A ∈ C 1 P * A. On the other hand, by Lemma 3.5, X ∼ = ∆(C F (X)) for every (X, F ) ∈ SFG. Furthermore, F ∈ Φ(C F (X)) for every F ∈ F , because p F ∈ N (C F (X)). In order to complete the proof, let G ∈ Φ(C F (X)) (and we show that it is contained in a finite union of members of F ). Then p G ∈ N (C F (X)), and thus there are F 1 , . . . , F l ∈ F and a constant r such that p G ≤ r max{p F 1 , . . . , p F l }, because {p F } F ∈F generates the topology of C F (X). Since X is Tychonoff, if x 0 ∈ F 1 ∪ . . . ∪ F l , then there exists a continuous map h on X such that h(x 0 ) = 1 and h| | F i = 0 for each i. So, p F i (h) = 0, and therefore p G (h) = 0. In particular, x 0 ∈ G, and hence G ⊆ F 1 ∪ . . . ∪ F l , as desired.
k R -ification using function spaces.
Recall that for a Tychonoff space X, the Stone-Čech-compactification βX (i.e., the reflection of X into the category of compact Hausdorff spaces) can be computed using Gelfand-duality: βX ∼ = ∆(C b (X)), where C b (X) is the C * -algebra of all continuous bounded maps on X with the norm of uniform convergence. Theorem 3.7 provides us with a similar method for finding the k R -ification k R X of a Tychonoff space X (that is, the coreflection of X into k R Tych):
. Naturally, when X is not a k R -space, C K(X) (X) contains some non-continuous functions that are only k-continuous on X.
3.9. K-algebras. Dubuc and Porta investigated the category of * -algebra objects in kHaus, called K-algebras (cf. [12] ). These are * -algebras on a Hausdorff k-space A, with continuous unitary operations, and with binary operations being continuous on A × k A = k(A × A) (which is the cartesian product in kHaus). So, addition and multiplication are expected to be only k-continuous on A × A. A typical example of a K-algebra is kA, the k-ification of a pro-C * -algebra A. Dubuc and Porta established a dual adjunction between commutative unital K-algebras and functionally Hausdorff k-spaces (i.e., continuous real-valued maps separate points) using the cotensor of the kHaus-enriched category of K-algebras, and showed that the Gelfand-duality is a restriction of this dual adjunction. They also proved that the k-ification of a commutative pro-C * -algebra admits a canonical monad-algebra structure with respect to the resulting monad (cf. [12, 3.8] ). An essential difference between this setting and the one present in this paper is that in the context of K-algebras, the natural topology on ∆(A) is the k-ified compact-open topology, and not the w * -topology. Our approach is akin to the methods employed by Dubuc and Porta in a later paper, and by Phillips, using quasitopological spaces (cf. [13] and [25] 
The algebra of bounded elements
For a Tychonoff k R -space X, the C * -algebra C b (X) of continuous complex-valued bounded maps on X is precisely the subalgebra of C(X) of the maps f : X → C such that sup
In this section, a natural generalization to the non-commutative case of this notion is presented. 
Corollary. Let A be a unital pro-C
* -algebra and a ∈ A be normal. Then f (a) ∞ ≤ f ∞ for every f ∈ C(sp A (a)). In particular, if f is bounded, then so is f (a).
Spectrally bounded elements. The spectral radius of an element a in a pro-C
r Ap (a p ), and a is spectrally bounded if r A (a) < ∞.
(If A is not unital, sp A + is used instead of sp A .) We put A sb for the set of spectrally bounded elements in A (it fails to be a subalgebra). For every a ∈ A, r A (a) ≤ a ∞ holds, and so A b ⊆ A sb . However, if a is normal, then p(a) = r Ap (a), and so a ∞ = r A (a). In particular, a normal element is bounded if and only if it is spectrally bounded. Therefore, A b is spanned by the spectrally bounded self-adjoint elements in A (i.e., for A s = {a ∈ A | a = a * }, A sb ∩ A s spans A b ), because each a ∈ A can be written as a = a 1 + ia 2 with a 1 , a 2 ∈ A s . Since the spectrum of an element does not depend on the topology of A, we can rephrase Corollary 4.3 as follows:
Corollary. For a pro-C
* -algebra A, A b depends only on the algebraic structure of the underlying * -algebra of A.
Example for
Since each L n is nilpotent, sp Mn(C) (L n ) = {0}, and so L is spectrally bounded. But, on the other hand,
which implies that L cannot be bounded. Therefore, A sb = A b .
, and put D for the collection of compact countable subsets of X. Since X is metrizable, D is a strongly functionally generating family, and thus
is a pro-C * -algebra that is not a C * -algebra. Clearly, A sb = A b = A (as sets), nevertheless, A is not a C * -algebra. This also shows that C D ([0, 1]) is not a σ-C * -algebra:
Proposition. If
A is a σ-C * -algebra such that every element of A is spectrally bounded, then A is a C * -algebra.
is a * -homomorphism from a σ-C * -algebra into a C * -algebra, and therefore continuous by 2.9.
Exact sequences in
in P * A d is exact at B if ker β = α(A). A categorical explanation for this choice of definition of exactness is to observe that it is inherited from T * A d , the category of topological * -algebras with (not necessarily continuous) * -homomorphisms. See also Remark 4.12. 
Since
is a rational polynomial in a, which means that α(f n (a)) is determined by α(a) even if α is not continuous). Therefore, b ∈ α b (A b ), as desired.
4.12.
Remark. The notion of exactness provided in 4.10 might appear counterintuitive at first sight, because the * -homomorphic image α(A) need not be complete in general (e.g., B = C K(R) (R), A = C b (R), and α = id). Requiring α(A) = ker β instead could make the impression of being a better definition, however, this is not the case: 4.14. The quotient A/I need not be complete. Because of the automatic continuity property of σ-C * -algebras (see 2.9), every short exact sequence of σ-C * -algebras is the limit of a countable collection of short exact sequence of C * -algebras (cf. [26, 5.3] ). In particular, if A is a σ-C * -algebra and I is its closed * -ideal, then A/I is complete (cf. [26, 5.4] ). The quotient of a complete topological algebra by a closed ideal need not be complete (cf. [18] ), but one would hope that pro-C * -algebras are better behaved. This is, however, not the case, as the following example shows: Let X be a locally compact space that is not normal. Then X contains a closed subspace Y ⊆ X such that not every continuous map on Y can be extended continuously to X. Put A = C K(X) (X) and 
Problem.
Let B be a unital C * -algebra that is not simple. Is there a pro-C * -algebra A that is not a C * -algebra such that B = A b ? This problem is fairly non-trivial even in the abelian case, where B = C(K) for some compact Hausdorff space K. If K is metrizable and uncountable, then A = C D (K) is a positive solution, where D is the collection of compact countable subsets of K. In fact, it is sufficient to assume that K is compact and a sequential space (i.e., continuity of maps is determined by continuity on sequences). Nevertheless, we do not have an answer for the problem even for such well-known C * -algebras as c and c 0 (the subalgebras of l ∞ consisting of the convergent and zero sequences, respectively).
The group of unitary elements
In this section, we are concerned with the topological group A u of unitary elements in a unital pro-C * -algebra A (i.e., xx * = x * x = 1), and study the connected A u,1 component of 1 in it. A key tool in our investigation is the subgroup A exp = {e ia 1 · · · e ian | a 1 , . . . , a n ∈ A s }, generated by exponentials of self-adjoint elements.
